A simple achromatic retarder made of two plates of different birefringent materials can only be used over a limited range of wavelengths. One way to overcome this limitation is by using a combination of three such achromatic retarders. However, such a combination has the drawback that the orientation of its principal axis varies with the wavelength. An alternative method that is free from this drawback is to use a combination of three plates of different birefringent materials. This paper shows how this method of achromatization can be extended and presents a systematic design procedure for a superachromatic retarder using four plates of different birefringent materials giving an almost constant retardation over a very wide wavelength range.
Introduction
The simplest way of making an achromatic retarder is by putting together two plates of different birefringent materials with appropriate thicknesses [1] . However, such a simple achromatic retarder can only be used over a limited range of wavelengths.
One way to overcome this limitation is to use a combination of three such achromatic retarders [2, 3] . This arrangement is an extension of a design for an achromatic retarder originally developed by Pancharatnam [4] using three plates of the same material. The same technique has also been applied to develop a superachromatic combination of nine plates of the same material [5] . However, while such superachromatic combinations minimize the variation of retardation with wavelength over a wide wavelength range, they have two disadvantages.
One is their complexity, since they involve a minimum of three pairs of plates which have to be set at specified orientations. A more serious drawback is that the orientation of the principal axis of the combination exhibits a residual variation with wavelength.
An alternative method of obtaining an almost constant retardation over a wider range of wavelengths that is free from this drawback is by using three plates of different birefringent materials. A systematic procedure for designing such an apochromatic retarder that can be used over the whole range of visible wavelengths has been described in an earlier paper [6] . This paper describes an improved version of this procedure and shows how it can be † Permanent address: School of Physics, University of Sydney, Australia 2006.
extended to develop a design for a superachromatic retarder, using four plates of different materials, which gives an almost constant retardation over a very wide wavelength range.
Theory
As before, the first step is to fit a polynomial to the birefringence data for the available birefringent materials. However, rather than using the birefringence data directly, it is more convenient for our purpose to define for any material, at any wavelength λ, a parameter
where n o (λ) − n e (λ) is the birefringence of the material at this wavelength. In addition, when dealing with birefringence data covering a wide range of wavelengths, trials showed that if the data were plotted as a function of
rather than as a function of λ, the higher-order coefficients of the polynomial were significantly smaller, indicating that a better polynomial fit could be obtained with a limited number of terms. Accordingly, for the nth plate in the assembly, we can write
The retardation produced by an assembly of N plates at any wavelength (expressed as a fraction of the wavelength) 0957-0233/98/101678+04$19.50 c 1998 IOP Publishing Ltd is then
where d n is the thickness of the nth plate. This result can be expanded, using equation (3), and written as
If R(σ ), the retardation produced by the assembly, is not to vary with the wavelength, each of the summations in equation (5) involving terms dependent on the wavelength must be equal to zero.
For a combination of three plates, we need only consider terms involving σ and σ 2 . We have
and the relative thicknesses of the three plates are given by the relations
and
For an assembly of four plates we must consider terms involving σ , σ 2 and σ 3 . We then have
and the retardation produced by the assembly (expressed as a fraction of the wavelength) is
The relative thicknesses of the four plates can be obtained by solving the simultaneous equations (10)- (12) by standard techniques. We have
with similar expressions for
The actual thicknesses of the four plates for a half-wave or quarter-wave retarder can then be obtained by applying these values to equation (13), along with the chosen value for R.
The present approach differs significantly from the conventional procedure for achromatization, which involves imposing the condition that the phase retardation of the assembly has the specified value at two or more wavelengths. The conventional procedure works well for two elements, but runs into problems with more than three elements. The choice of the best design wavelengths then becomes quite difficult, and an improper choice can easily result in large residual errors. The present approach avoids this problem and, since it is based on a least-squares fit to the birefringence data, minimizes the residual errors.
In addition, the present approach automatically takes into account the sign of the birefringence and eliminates the need to decide in advance whether any of the elements should be set with their fast axes crossed with respect to the fast axis of the first element. Negative values for any of the ratios (d 2 /d 1 ), (d 3 /d 1 ) or (d 4 /d 1 ) , imply that the fast axes of the corresponding elements should be set at right angles to the fast axis of the first element.
Design
Consider an assembly of two plates of different birefringent materials. From equation (4), the retardation produced by this assembly is 
and Table 1 shows the values of the coefficients A, B, C and D obtained for some birefringent materials by fitting a polynomial to the birefringence data for these materials for wavelengths ranging from 0.3 to 1.0 µm. Table 2 shows the values of the ratios (C/B), (D/B) and (D/C) for these materials. As can be seen, materials satisfying the above conditions are not available. However, good results can be obtained over a reasonably wide range of wavelengths with a retarder made of three elements by adjusting the thickness of the plates to satisfy equations (8) and (9) .
An earlier design for a three-element half-wave retarder, using plates of quartz, MgF 2 and ADP [6] , covered the wavelength range from 0.4 to 0.7 µm with residual errors of ±0.15
• . A preliminary study showed that a halfwave retarder using these three materials and covering the wavelength range from 0.3 to 1.0 µm would exhibit residual variations of the retardation of about ±11
• . This design was therefore taken as a starting point, with a view to improving its performance by adding a fourth element.
Two materials which could be used for the fourth element are calcite and sapphire. Trials suggested that better results could be obtained with sapphire. Accordingly, we present, as an example, the design for a four-element superachromatic retarder covering this wavelength range P Hariharan Table 1 . Polynomial fit to birefringence data R(σ ) = A + B σ + C σ 2 + Dσ 3 . (4) sapphire.
From equations (10)- (12), the thicknesses of the four plates would be in the ratio 1:0.173 342:0.051 3796:1.069 871 (18) with the fast axes of all the elements set parallel to the fast axis of the first element. Initial values of the thicknesses of the plates for a half-wave retarder were obtained from equation (13). A preliminary calculation showed that, over the range of wavelengths from 0.3 to 1.0 µm, these thicknesses gave a maximum value of the retardation of 181.3
• and a minimum value of 175.1
• . These values were therefore uniformly increased by a factor of 1.010 to equalize the maximum deviations from 180
• , in both senses. After this adjustment, the final thicknesses of the elements were: 
Results and discussion
A problem in evaluating the performance of such a system is the accuracy of the values of birefringence available in published data [7] [8] [9] [10] . When plotted against the values obtained from the third-order polynomial fit, the data for all four materials showed, as expected, a smooth variation corresponding to higher-order residuals. However, in some cases, one or two points exhibited significant random deviations. After correcting these aberrant values of the birefringence, the residual variations in the retardation of such a superachromatic half-wave retarder are presented as a function of the wavelength in figure 1. As can be seen, the variation of the retardation is only about ±3
• over the range of wavelengths from 0.3 to 1.0 µm.
Tolerances on the thicknesses of the plates are mainly dictated by the need to ensure that the resulting deviation of the nominal retardation of the combination from its specified value of 180
• is within acceptable limits. If we assume that the errors in the thicknesses of the individual elements are not all in the same sense, the tolerances on the thicknesses are only slightly tighter than those for a simple retarder to be used at a specified wavelength. For a change in the nominal retardation of the assembly of (say) ±3
• , the tolerances on the thicknesses would range from about ±0.15 µm for the sapphire element, which has the lowest birefringence, to about ±0.03 µm for the ADP element.
A possible application for such superachromatic retarders would be in Lyot filters to achieve tunability over a wide spectral range.
